A novel technique for the real-time measurement of the magnetic field pitch angle in JET discharges using the motional Stark effect diagnostic is presented. Kalman filtering techniques are adopted to estimate the amplitude of the Avalanche Photo Diode (APD) signals' harmonics that are relevant for the pitch angle calculation. The proposed technique is shown to be much more robust and provide less noisy estimates than an equivalent lock-in amplifier scheme, in particular when dealing with Edge Localised Modes (ELMs).
INTRODUCTION
A successful, integrated, real-time control of a burning plasma confined within a Tokamak device such as ITER is an outstanding challenge and is one primary goal in fusion research. Research topics encompass, for instance, plasma position and shaping control, resistive wall and neoclassical tearing mode feedback control and advanced plasma scenario development and control. In particular, the characterization of the safety factor q(R) profile (and ultimately the toroidal plasma current density) is therefore of great concern since it is a valuable indicator of the operating scenario and of potentially disruptive plasma instabilities. The Motional Stark Effect (MSE) diagnostic plays a leading role in the determination, by polarimetry, of the poloidal magnetic field in neutral beam heated Tokamak discharges. Injecting a probing beam with velocity v b and measuring the polarisation angle of the broadened D α emitted light (s or p components) due to the local v b × B electric field along a given line of sight, it is possible to determine the pitch angle of the magnetic field along the beam path [1, 2] . Using two Photo-Elastic Modulators (PEMs) operating at close frequencies w 1 and w 2 , a linear polariser and an Avalanche Photo Diode (APD), polarisation angle modulations are converted into amplitude modulations of electric signals (dual modulator polarimeter).
At JET, the MSE system operates with 20kHz and 23kHz modulators and the magnetic pitch angle (γ M ), obtained from the +π component, is calculated from 25 spatial channels, covering the full outboard minor radius with a spatial resolution of the order 5cm [3, 4] . The pitch angle γ of the electric field (the quantity actually measured experimentally) is derived from the general equation (1) where A i (t) denotes the time dependent amplitude of a particular harmonic of the APD signal and C ij are diagnostic calibration coefficients [4] .
The determination of the amplitudes A i (t) is conventionally carried out with software/hardware implementations of Single-Phase (SP) lock-in amplifier schemes [1, 5, 6] . Although the Fourier based nature of the underlying algorithm is akin to straightforward, fast, computations, there are some inherent limitations, particularly evident when performing a real-time analysis with streaming data (in contrast to an offline analysis where fewer limitations on the data processing may arise). (   40  14  46  13  23  12  DC  11   40  24  46  23  23  22 DC 21
Firstly, such schemes are quite sensitive to imperfect phase compensations in the lock-in algorithm. A mismatch of the order 18∫ is enough to get a 5% reduction in the amplitude, propagating some error in the estimated pitch angle, according to Eq. (1). In order to circumvent this weakness, one should adopt either a dual-phase lock-in scheme or a phase-lock loop [5, 6] . The former, easily implemented from the inphase and quadrature amplitudes, is nonetheless prone to non negligible rms (root mean square) error and is incapable of distinguishing positive from negative amplitudes. This is particularly relevant for an experimental setup with a viewing geometry such that the inferred pitch angle crosses zero at the magnetic axis.
In addition, one should bear in mind that, in a typical lock-in amplifier, there is a compromise between the size of the data block-processing window (output sampling rate) and the frequency bandwidth of the estimated harmonic amplitudes. With a larger time window (larger amount of samples), the estimated amplitude, obtained by low-pass filtering of the mix between the APD signal and a reference waveform, is less corrupted by noise or by neighboring harmonics. However, this will ultimately lead to a lower output sampling rate.
In the particular case of JET, further obstacles may arise, owing for instance to some of the physics events involved in the experiments. Plasma perturbations, particularly type I Edge Localised Modes (ELMs), corrupt significantly the estimation [5, 7] . In fact, a clear temporal correlation between the ELM onset as seen by the D α signal and a sharp rise on most of the APD signals is observed. Although the physical mechanism behind the strayed polarized radiation is not clearly understood, one may hypothesize that during an ELM, a strong burst of radiated power (possibly from carbon atoms, with a wavelength overlapping the Doppler shifted π + spectral line) is reflected from the first wall and collected by the detectors. Another source of biasing that disturbs the APD measurements arises from the power system devices, in particular the NBI system, used primarily to heat the plasma but also for diagnostic purposes. Although the NBI pini used for the MSE diagnostic operates at a higher voltage than the others do in order to obtain a clear separation of the Balmer lines, the power grid is nonetheless modulated at 50Hz. This light intensity modulation will act on all stokes vector components and feed through the PEMs, biasing all the APD components. Even though according to Eq.(1), this modulation is expected to cancel out, it is preferable to have it filtered out from the real-time amplitude estimates.
To circumvent such obstacles, in this paper, an approach founded on Kalman filtering techniques is adopted for the real-time estimation of the APD harmonics involved in the determination of the magnetic field pitch-angle. The proposed method is shown to tackle efficiently both the ELM onset and biasing on the signals and the real-time cancellation of the 50Hz biasing on the amplitudes. The remainder of this paper is therefore organized as follows: in Section II, the basics on the real-time algorithm for the APD signal processing is present, followed by the necessary refinements to cope with the ELMs and induced modulations. In Section III the experimental results using this method and the more conventional (SP) lock-in amplifier presently being used at JET are shown. The relative performance of both methods is discussed, regarding both the estimated APD amplitudes and the estimated pitch angle ≥. Finally, the conclusions of this paper are summarized in Section IV.
REAL-TIME FILTERING MODEL
The standard Kalman filter is a predictor-corrector, optimal least square linear estimator for the time advance of some state variable x k (x k ∈ IR n with k indexing time samples) [8] . Given an estimate x k-1 , the a priori estimate at sample k (denoted by x k ) is derived from the linear process model that is assumed for the state variable. Since a lock-in amplifier is intended to estimate the amplitude of periodic signals immersed in noise, the process model that needs to be considered is a periodic signal generator [9] , modeled through a rotation matrix, i.e.
(2)
where F i is a 2×2 rotation matrix with angle given by ∆θ i = 2πω i /ω s and ω s is the sampling frequency and N represents the total number of harmonics to be estimated. The block matrix F encompasses all the N-frequencies that have a relevant amplitude in the APD signal. For the particular case of JET data, this includes, besides the DC, 23, 40 and 46kHz components, the dominant beating combinations resulting from the crystal retardance and PEM modulation process (typically 15 in total with the PEM excitation amplitude given by 3.05424, corresponding to the maximum of the second order Bessel function) [2, 3] .
The a posteriori estimate x k is an update to the a priori estimate x k , taking into account the difference between the real (z k ∈ IR is the APD signal of a given channel at time sample k) and the a priori estimate (Hx k where H is a transfer matrix) of the measurements, weighted by a filter gain K k :
where the filter gain K k minimizes the a posteriori error covariance matrix, denoted by
The a priori and a posteriori estimated covariance matrices P k and P k are given, respectively, by
with the process and measurement noise covariance matrices given by Q and R, respectively. The process noise is basically a control variable to account for some uncertainty in the underlying process determining the state variable evolution. In the derivation of the model equations, it is assumed that both noise sources are independent of each other, white and with normal distributions of mean equal to zero [8] . Performing the statistics of the APD signal when the NBI pini used for the MSE measurements is switched off has confirmed the white gaussian nature of the contaminating noise. When the uncertainty in the measurements is very small (R ˜ 0), then K k H → I (I is the identity matrix) and in this case the estimated state variable is given by the measurement, according to Eq.(5). The opposite limit, corresponding to significant uncertainty in the measurement or insignificant a priori estimate in the error covariance (P k ˜ 0), leads to a vanishing filter gain. For the harmonic generator process, the gain (K) is a function of the ratio r/q only, assuming R = rI and Q = qI [9] . The later assumes the same error affecting all the harmonics and is a reasonable approximation except for the very low amplitude harmonics (not playing a dominant role in the estimation of g). Since the above algorithm provides the estimation for both the in-phase and quadrature components of the individual harmonics, their amplitude at a given time sample is readily estimated as
The above scheme provides straightforward, real-time, estimates of the amplitudes of each harmonic with reduced contaminating noise but it has some limitations. The first one regards the definite sign of the amplitude given by Eq.(9). As mentioned in section I, it might occur that, for the viewing geometry adopted for the diagnostic and in particular for channels collecting from opposite sides of the magnetic axis, some amplitude have opposite sign. This is the case for the 23kHz and 40kHz harmonics at JET. With a real-time Kalman filter to track the PEMs excitation reference signal and a known phase difference with respect to the corresponding APD harmonic (obtained for instance during the calibration of the diagnostic) this can easily be circumvented [10] . An appropriate mixing between the inphase and quadrature estimates of both the APD harmonic and the associated reference waveforms, with roughly a π/2 phase shift tolerance, provides the means to determine the correct sign and an eventual flipping due to modifications in the magnetic equilibria.
Secondly, it is convenient to eliminate the grid induced 50Hz oscillation in the N estimated harmonic amplitudes obtained by Eq. (9) . Given that all the estimated A i are involved, there are two possible strategies. The first and more immediate one, adopted in this paper, is to apply a second filter bank with a smaller r/q ratio (for a fast time response) to the streaming A i , estimating only DC and 50Hz. The DC component gives the desired result. The second strategy, more elaborate, relies on a proper interpretation of the modulation. In fact, one easily recognizes that a signal made up of
N distinct periodic components, each with the amplitude modulated at 50Hz, can also be thought as a sum of 3N periodic signals with constant amplitude. From the point of view of the filter algorithm, it therefore suffices that one includes the full set of 3N frequencies in the F matrix (see Eq. (3) and (4)). It can be shown that there is no significant difference between the two methods in the final result. Nonetheless, the latter is, as expected, computationally heavier and therefore not a reasonable choice for real-time when dealing with a large N.
The third limitation of the model regards the effect of ELMs. In more general terms, the problem arising from the ELM triggering is that of a sharp (assumed unphysical) increase in the APD signal, correlated with the spike in the D α signal, that propagates to the pitch angle estimation. Owing to the different lines of sight used by both diagnostics, a time lag is nonetheless expected. This is evidenced in Figure 1 , referring to shot 70129, a high current low triangularity scenario with strong Type-I ELMs, where the outer divertor leg D α (a) signal and channel 15 (at major radius R~3.225m, roughly at a normalised minor radius r/a~0.28) of the APD (b) are shown. A similar scenario can occur in the presence of blips in the NBI pini used for the MSE diagnostic.
For a given ratio r/q that sets a compromise between good noise filtering properties and little induced delay in the amplitude estimation (a ratio in the range 10 4 -10 5 is adequate -see Ref. [10] ), the filter, just like the Fourier based single-phase lock-in algorithm, is bound to assume that a sharp rise is a "valid signal measurement". In addition, the time response after the ELMs peak is too slow to rapidly regain the signal trend. This is evidenced by the grey line in Figure 1 , corresponding to the DC amplitude and obtained with r/q=10 5 .
Without diverting too much from a real-time approach, one may therefore use the streaming estimated DC signal trend as a controller. More specifically, a logarithmic derivative controller may be built that, above a given threshold, reduces by several orders of magnitude the filter gain (an order of 3 is used in the numerical results). This induces a much slower filter response and the measurement is not to be trusted according to Eq. (5), avoiding the sharp rise due to the ELM. A second controller, using the difference between the APD raw signal and the estimated one (z est = Σ H i x est,i ), is used to identify the footprint of the ELM's tail end and to recover the previous filter gain, allowing for the best compromise between noise reduction and time response. When using these controllers, some care must be taken at the trigger of the NBI pini. In fact, the resulting rise of the APD signal may be misinterpreted as an ELM. As a result, the filter gain would remain very low throughout most of the duration of the NBI pini pulse. A simple boolean checker may track the NBI pini status and prevent the misinterpretation of these false ELMs.
In the next section the results using this Kalman filtering technique and the standard (SP) lockin amplifier are shown, firstly focusing on the amplitude estimation problem and then on the calculated pitch angle radial profile.
EXPERIMENTAL RESULTS
The plasma scenario analyzed was a high current (~2.3MA), low triangularity (~0.2) casêˆiˆ characterized by Type-I ELMs with a frequency of the order 15Hz but also with some type III ELMs being observed later on the discharge. The choice of the discharge (Pulse No: 70129) was motivated by the favorable ELM size and frequency, i.e. large enough to cause a significant biasing in the estimated pitch angle g using the single-phase scheme but not too frequent (∆t ELM >50ms), to allow a clear time relaxation of the radial profiles of γ.
The 25 APD channels are acquired at a 250kHz sampling rate and the single-phase lock-in algorithm used for the real-time calculation of the amplitudes A i at JET uses a 250 sample block processing unit, consistent with the framework for real-time diagnostics, specific for JET, working at a 1ms clock tick. Within each data block, a 250 point box car averaging with a hanning window is used to estimate A i and g is readily calculated. The streaming g is further filtered with a third order, elliptical, Infinite Impulse Response (IIR) low pass filter (cutoff at 35Hz) [11] , enabling a significant noise removal.
To place both methods at equal grounds, a 250 point box-car averaging processing is also used for the Kalman filter algorithm, although the hanning window is not used.
The superior capabilities of the Kalman filter algorithm are evidenced in Figure 2 , where the time evolution of the 46kHz harmonics' amplitude is shown in the presence of an ELM. The SP algorithm, unable to avoid both the ELM and the 50Hz contamination, exhibits a poorer Signal to Noise Ratio (SNR) when compared to the Kalman algorithm. The better SNR of the latter is more evident when comparing the spectrum of the estimated amplitudes, with both controllers in the Kalman algorithm disabled (i.e. the 50Hz oscillations and the ELMs remain). As observed in Figure   3 , the Kalman algorithm alone leads to a narrower spectra than the SP code, confirming the superior noise mitigation performance of the former. Eventually, for a larger boxcar averaging (narrower low-pass filtering), the results from both methods would become similar.
Since the ELM affects noticeably the APD amplitudes, a similar picture is expected in the radial profile of the reconstructed magnetic pitch angle. The results from the Kalman filter scheme use the 50Hz oscillation and ELM cancellation algorithm. Before the ELM, identified in the D α signal at t ~ 21.083s, there is no significant difference in the baseline of the two methods except for a higher noise level using SP (see Figure 4 , corresponding to t = 21.0825s). After the ELM is triggered the SP algorithm yields unreasonable results and not just a shift in the baseline, an indication of a channel dependent effect of the ELM. This is shown in Figure 5 , corresponding to t = 21.0845s.
After ~10ms of the ELM onset, the results using both methods become again comparable, as observed in Figure 6 , corresponding to t = 21.0925. The small deviation that is observed in channel 20 with the Kalman algorithm is due to a slower time response affecting that channel, owing to a secondary radiation peak observed in the ELM tail (at t ~ 21.09s, not shown in Figure 1 ).
One should bear in mind that, while the SP algorithm is very sensitive to the averaging time window size (a larger one could in principle minimise the effects of ELMs at the expense of a smaller output rate and a slower time response), with the Kalman filter this may easily be circumvented. In fact, one could either compensate by increasing the covariance ratio r/q (side effect is an increase in the time response but not as severe as for the SP algorithm) or by using a hanning window instead of a square one in the time averaging. Although applying the IIR filter in the SP scheme prevents the possibility of 50Hz biasing, it is easily acknowledged that the Kalman filter implementation with 2 frequencies (DC+50Hz) is just as effective while simpler to derive.
CONCLUSIONS
An efficient and flexible Kalman filtering model for the real-time amplitude estimation of the periodic APD components that are relevant for the real-time calculation of the magnetic pitch angle using a MSE diagnostic was presented. A significant improvement over the elementary lock-in amplifier scheme was shown, on issues such as the sensitivity to phase jitter, noise mitigation and the biasing from ELMs. The proposed technique is very suitable for real-time analysis since it can be applied with very high output sampling rate in contrast to Fourier based methods, more appropriate for offline analysis. The biasing due to ELMs can be effectively mitigated from the estimated amplitudes or, in alternative, from the streaming calculated γ. The later can be easily implemented as a simple DC estimator applied to the g(t) coming from each channel with a controller to vary the gain based on the same principles as the one used for the amplitude estimation. The Kalman filter algorithm is therefore a powerful tool contributing to a higher quality MSE data to be used subsequently in the equilibrium q-profile reconstruction. 
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